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Abstrat
In this paper we show how using a relativisti kineti equation the ensuing expression for
the heat ux an be asted in the form required by Classial Irreversible Thermodynamis.
Indeed, it is linearly related to the temperature and number density gradients and not to
the aeleration as the so alled rst order in the gradients theories propose. Sine the
spei expressions for the transport oeients are irrelevant for our purposes, the BGK
form of the kineti equation is used. Moreover, from the resulting hydrodynami equations
it is readily seen that the equilibrium state is stable in the presene of the spontaneous
utuations in the transverse hydrodynami veloity mode of the simple relativisti uid.
The impliations of this result are thoroughly disussed.
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I. INTRODUCTION
In his seminal paper on lassial irreversible relativisti thermodynamis, C.
Ekart in 1949 [1℄ introdued a bold assumption whih has had a profound inu-
ene on the subjet. Indeed, in order to aount for dissipative eets in a non-ideal
(visous) uid he introdued the heat ow present in the uid as part of Einstein's
matter-stress tensor T µν . Being heat a non-mehanial form of energy, this has
raised a rather strong debate about the physial meaning of suh an assumption
[2℄-[5℄. Moreover, his formalism often referred to as a rst order theory [6, 7℄ has
given rise to additional ontroversies. In a lassial work Hisok and Lindblom [8℄
showed that in the resulting linearized version of the hydrodynami equations, the
utuations in the transverse mode of the hydrodynami veloity grow exponentially
with time. This is a onsequene of the fat that Ekart, in view of his assumption,
was rather fored to introdue a onstitutive equation for the heat ow Jα[Q] given by
the equation
Jα[Q] = −κ
(
hαβT,β −
T
c2
u˙α
)
(1)
where κ is the heat ondutivity, T is the loal temperature, hαβ = δ
α
β +
1
c2
uαuβ
is the spatial projetor, uα is the hydrodynami veloity and u˙α its proper time
derivative. Also c is the speed of light and uαuα = −c
2
. Notie further that Eq. (1)
is at odds with the basi tenets of linear irreversible thermodynamis (LIT). In fat,
this formalism requires that onstitutive equations linearly relate the fores with the
uxes [9, 10℄. This requirement is met by the rst term in Eq. (1) but ertainly
not by the seond where neither T/c2 nor u˙α represent a thermodynami fore or a
ux. Further, physial insight of this feature of Ekart's formalism has reently been
disussed elsewhere [11℄.
The purpose of this work is to show that Eq. (1) does not neessarily follow
from a relativisti kineti theory treatment. Moreover, we establish an expression
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relating the heat ux and its thermodynami fores, to rst order in the gradients,
that leads to an exponential deay in the spontaneous utuations for the transverse
hydrodynami veloity mode. To aomplish this task in Set. II we derive the
set of linearized hydrodynami equations whih result from a relativisti Boltzmann
equation of the BGK type, the so-alled Marle equation, and in Set. III we disuss
the physial impliations that may be drawn from suh set.
II. LINEARIZED RELATIVISTIC HYDRODYNAMICS
To obtain the above mentioned set of linear relativisti equations for a simple
visous uid we start by onsidering the speial relativisti Boltzmann equation in
the absene of external fores:
vαf,α = J (f, f
′) (2)
The term on the right hand side of Eq. (2) is the ollision operator whih in general
is a bilinear form ontaining the produts of the distribution funtion f evaluated
before and after a ollision takes plae. When one introdues the probability for
the ourrene of eah one of these binary ollisions, namely the ross setion and
integrates over all possible veloities for the partiles, one obtains the general Boltz-
mann equation. Here, for the sake of simpliity, the kernel is modeled by means of
the BGK approximation [12℄[13℄, namely
J (f, f ′) = −
f − f (0)
τ
(3)
This approximation onsists in replaing all the details of suh binary ollisions by
the relaxation time τ , whih an be viewed then as an adjustable parameter in the
theory. This assumption simplies the ensuing arguments for whih the full ollisional
term adds no signiant hanges. The moleular four veloity, vα is
3
vα =

 γwℓ
γc


(4)
where wℓ is the moleular three-veloity and γ =
(
1− wℓwℓ/c
2
)
−1/2
is the usual
relativisti fator. All greek indies run from 1 to 4 and the latin ones run up to 3.
The loal variables are the weighted averages of the mirosopi quantities. In this
ontext, the number density reads
n =
∫
fγdv∗ , (5)
and the thermodynami average of a dynamial quantity ψ is dened through:
〈ψ〉 =
1
n
∫
γψfdv∗ (6)
with dv∗ = γ5 cd
3w
v4
[12℄. Now, standard kineti theory leads to the energy balane
equation [13, 14℄:
∂
∂t
(
n
〈
mc2γ
〉)
+
(
n
〈
mc2γwℓ
〉)
;ℓ
= 0 (7)
In this expression one an easily identify the heat ux as:
J ℓ[Q] = n
〈
mc2vℓ
〉
= mc2
∫
vℓfγdv∗ (8)
whih vanishes if the average is alulated using the equilibrium distribution funtion.
At the Navier-Stokes level, following a Chapman-Enskog expansion, the distribution
funtion an be written as
f = f (0) (1 + φ) (9)
where φ is the rst order orretion in the Knudsen parameter, a weighted measure
of the gradients in the system. For partiles of rest mass m, relativisti parameter
z = kT
mc2
and in the non-degenerate ase, the equilibrium funtion reads [13, 14℄:
f (0) =
n
4πc3zK2
(
1
z
)
Exp
(
uβvβ
zc2
)
. (10)
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in whih k is Boltzmann's onstant, and Kn is the modied Bessel funtion of the
n-th kind. Notie also that, if the uid is at rest, uβvβ = −γc
2
.
The funtion φ is obtained by a simple proedure. Diret substitution of Eq. (9)
in Eq. (2) leads to
φ = −τvαf (0),α = −τv
α
(
∂f (0)
∂n
n,α +
∂f (0)
∂T
T,α +
∂f (0)
∂uβ
uβ;α
)
(11)
where the seond equality is due to the fat that the distribution funtion is a time
dependent funtional of the loal variables n, T and uν. The derivatives in Eq. (11)
are given by
∂f (0)
∂n
=
f (0)
n
(12)
∂f (0)
∂T
=
(
−1 +
γ
z
−
K1
(
1
z
)
2zK2
(
1
z
) − K3
(
1
z
)
2zK2
(
1
z
)
)
f (0)
T
(13)
and
∂f (0)
∂uβ
=
vβ
zc2
f (0) (14)
Notie that a hydrodynami aeleration ontribution appears in the last term of
Eq. (11) for α = 4. If this term is left untouhed and the heat ow is alulated
with Eq. (8) one is led to the diulty inherent in Eq. (1). On the other hand,
aording to the presription of Hilbert-Enskog's method [12℄-[14℄ this aeleration
term is eliminated using Euler's equations, whih preisely relate the aeleration to
the pressure gradient. Moreover, this method establishes that by hoosing the loal
variables, n, T and uν dened only through f (0), one guarantees the uniqueness of
the solution given in Eq. (9). Consistently with the fat that we have hosen n,
T and uν as the state variables desribing the loal thermodynami states of the
uid, ∇p has to be expressed in terms of them. This is aomplished using the
loal equilibrium assumption whih allows expressing ∇p in terms of ∇T and ∇n in
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omplete agreement with the tenets of lassial irreversible thermodynamis namely,
∇p =
(
∂p
∂T
)
n
∇T +
(
∂p
∂n
)
T
∇n (15)
Finally, sine for a simple invisid uid whose dynamis is desribed by Eq. (2), the
equation of state p = nkT holds true loally [13℄, a straightforward alulation leads
to the following form for the heat ux
J ℓ[Q] = −LT
T ,ℓ
T
− Ln
n,ℓ
n
(16)
Equation (16) is of the anonial form required by LIT where the thermodynami
fores are the temperature and the density gradients, respetively. The transport
oeients are given by
LT = τ
4π
3
mc7
{(
1
z
−
p
zc2
(
nε
c2
+ p
c2
)
)∫
f (0)γ2
(
γ2 − 1
)3/2
dγ
−
(
1 +
K1
(
1
z
)
2zK2
(
1
z
) + K3
(
1
z
)
2zK2
(
1
z
)
)∫
f (0)γ
(
γ2 − 1
)3/2
dγ
}
(17)
and
Ln = τ
4π
3
mc7
{∫
f (0)γ
(
γ2 − 1
)3/2
dγ −
p
zc2
(
nε
c2
+ p
c2
) ∫ f (0)γ2 (γ2 − 1)3/2 dγ
}
(18)
where ε is the internal energy per partile. The integrals in Eqs. (17) and (18) an
be alulated in the omoving frame. Thus, the transport oeients an be written
as
LT = nmc
4z2τfT (z) Ln = nmc
4z2τfn (z) (19)
where the funtions fT and fn are given by
fT (z) =

1
z
−
(
4z +
K1
(
1
z
)
K2
(
1
z
)
)
−1


(
1
z
+ 5
K3
(
1
z
)
K2
(
1
z
)
)
−
(
1 +
K1
(
1
z
)
2zK2
(
1
z
) + K3
(
1
z
)
2zK2
(
1
z
)
)
K3
(
1
z
)
zK2
(
1
z
)
(20)
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fn (z) =
K3
(
1
z
)
zK2
(
1
z
) −
(
4z +
K1
(
1
z
)
K2
(
1
z
)
)
−1(
1
z
+ 5
K3
(
1
z
)
K2
(
1
z
)
)
(21)
As has been shown elsewhere [15℄, in the non-relativisti limit, fT (z) → 5/2 and
fn (z) → 0. Thus, the lassial value LT =
5
2
nk2T 2
m
τ is reovered for the thermal
ondutivity while the seond term in Eq. (16) vanishes rendering it a ompletely
relativisti eet [16℄.
The derivation of the relativisti hydrodynami equations using Eq. (16) as the
onstitutive equation for the heat ux is a standard one and has been given in detail
in various papers using Fourier's equation [5, 8, 11℄. The additional term in∇n poses
absolutely no problem at all, so we simply state the nal form for their linearized
version namely,
δn˙+ n0δθ = 0 (22)
1
c2
(n0ε0 + p0) δu˙ν +
1
κT
δn,ν +
1
βκT
δT,ν
−ζδθ,ν − 2η (δτ
µ
ν );µ −
LT
c2
δT˙,ν −
Ln
c2
δn˙,ν = 0 (23)
nCnδT˙ +
(
T0β
κT
)
δθ −
(
LT δT
,k + Lnδn
,k
)
;k
= 0 (24)
where θ = uα;α, ζ and η are the bulk and shear visosity oeients respetively, τ
µ
ν is
the traeless symmetri part of the veloity gradient tensor, κT the isothermal om-
pressibility, β the thermal expansion oeient and Cn the spei heat at onstant
partile density. Nought subsripts denote equilibrium quantities and δθ, δT and
δuν denote the spontaneous utuations of the state variables (δθ is related to δn
via Eq. (22)) around the equilibrium state of the uid.
We remind the reader that this set of equations is the relativisti analog of the one
obtained from lassial irreversible thermodynamis to test the validity of the linear
regression of utuations hypothesis introdued by Onsager over seventyve years
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ago [17, 18℄ as a basi ingredient required to derive his famous reiproity relations.
The fat that this assumption has been experimentally tested for a variety of systems
[19℄ alls immediately for its relevane in the relativisti regime. To illustrate this
point let us onsider the utuations assoiated to the transverse mode of the veloity
eld uν. This mode is easily unoupled from the rest of the utuations by taking
the url of Eq. (23). Sine all the gradient terms disappear we are led to the result
that
1
c2
(n0ε0 + p0) δU˙ν − 2η∇
2δUν = 0 (25)
where δUj = ǫ
i
jku
k
;i is the transverse mode. Taking the Fourier transform of Eq. (25)
we get that
δUˆν
(
~k, t
)
= δUˆν
(
~k, 0
)
Exp
(
−
2ηk2c2
n0ε0 + p0
)
(26)
where δUˆν
(
~k, t
)
denotes the Fourier transform of δUν . Sine the exponential's argu-
ment is always negative, the utuations die out with a harateristi time
(n0ε0+p0)
2ηc2k2
.
In the lassial limit, sine
n0ε0
c2
→ ρ0 and
p0
c2
is negligible, the deay time redues to
ρ0
2ηk2
in agreement with lassial hydrodynamis. This result implies that the sponta-
neous utuations of suh mode obey the linear regression hypothesis. Notie that,
sine the last two terms in Eq. (23) are preisely J˙ ℓ[Q], this exponential deay is due
to the fat that the url of this vetor vanishes. Thus this result is independent of
the equation of state (see Eq. (15)).
From the remaining equations, Eq. (22), the divergene of Eq. (23) and Eq. (24),
one an get a set of oupled equations for δn and δT whose solution is related to the
well known Rayleigh-Brillouin spetrum. A full disussion of this feature is too long
and tehnial to be presented here and will be published elsewhere [20℄.
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III. DISCUSSION AND CONCLUDING REMARKS
Examination of the results obtained in the previous setion manifestly indiate
that Eq. (16) is the main result of this paper: it satises all the requirements
imposed by lassial irreversible thermodynamis and leads to a set of linearized
hydrodynami equations whih satisfy Onsager's linear regression of utuations hy-
pothesis. The ruial step was to eliminate the aeleration term appearing in Eq.
(11) in terms of the pressure gradient through Euler's equations. This is a point
that was overlooked by Ekart himself and later by some of his followers and ritis
[6℄-[8℄. Thus the term u˙ν , whih is not a fore, has been replaed by a ombination of
gradients of the state variables. This substitution is neessary in order to arrive at a
losed set of evolution equations by further using the onstitutive equations, whih
are written in terms of suh gradients. This is indeed the fundamental purpose of
the onstitutive equations. If u˙ν is onsidered a state variable the desription of
the system is overdetermined. This is preisely the main soure of the objetions
raised against Ekart's theory whih materialized in the appearane of the so alled
generi instabilities [8, 21℄ and presumably in giving rise to transport equations of
the paraboli type. This last aspet however deserves a muh loser attention and
will not be addressed here. In fat, the urious reader may easily verify that if u˙α
in Eq. (1) is expressed in terms of ∇p through Euler's equation all the diulties
mentioned above will be eliminated.
In kineti theory things are quite dierent. Although, as mentioned in the text
an aeleration term in Eq. (11) is present, it is automatially disposed o when one
appeals to the Chapman-Enskog method for solving Boltzmann's equation. Indeed,
when Eq. (9) is substituted in Eq. (2), the term to order zero in the gradients
yields Euler's equations. Suessively, the equation for the orretion of order n in
the gradients will have a solution if and only if the hydrodynami equations of order
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n−1 in the gradients hold true. This is the spirit of the original method of Hilbert to
solve Boltzmann's equation and this is why the drift term in the nth order equation
whih is already of order one in the gradients has to be omputed with the solution of
order n−1. This explains why the use of Euler's equations is demanded to alulate
φ in Eq. (11). We should also emphasize that these results have been shown to hold
for a relativisti Boltzmann equation with its full ollision term [22℄ and further, from
phenomenologial arguments, to be valid for any arbitrary relativisti uid [11℄.
Moreover, to fully grasp the relevane of this alulation we an ompare Eq.
(25) with its ounterpart obtained in Ref. [8℄, in whih the oupling of heat with
aeleration is retained. In that ase, the transverse veloity mode utuations satisfy
the equation:
κT0
c4
δU¨ν −
1
c2
(n0ε0 + p0) δU˙ν + 2η∇
2δUν = 0 (27)
After taking the Fourier-Laplae transform in this equation, we now obtain two
roots governing the time behavior of the utuations. The alulation in a spei
example, water at 300 K at one atmosphere leads to an extremely short harateristi
time in the growing mode. The onlusion inluded in that paper states that rst
order theories should be disarded in favor of more ompliated formalisms. Here we
have shown that the apparent trivial replaement of aeleration with the pressure
gradient while solving Boltzmann's equation, with the Chapman-Enskog method,
leads to a nie exponentially deaying transverse veloity mode. Thus, the so-alled
generi instabilities are indeed absent in rst order relativisti hydrodynamis. In
addition to this appliation, we an assert that the alulation of the Rayleigh-
Brillouin spetrum using the aeleration term leads to the unphysial result that
suh spetrum is inexistent. This has been fully disussed in Ref. [20℄.
There is a last omment whih is pertinent in view of the results here presented.
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As we said in the introdution, Ekart's formalism as well as all others whih on-
tain an entropy balane equation with an entropy ux is given by J ℓ[Q]/T , have been
referred to as rst order theories. Due to the so-alled generi instabilities and the
apparent violation of the priniple of anteedene they where substituted by seond
order theories [7, 8, 22℄ whih postulate that both the entropy density as well as
the entropy ux should be funtions of the heat ow and the visous tensor. The
point here is to remind the reader that the rst order theories, if the above deni-
tion is kept, together with the ordinary linear fore-ux relations lead, for a simple
visous uid in the non-relativisti ase, to the Navier-Stokes-Fourier equations of
hydrodynamis. These equations in their full expression onsist of a set of ve non-
linear oupled equations (rst order in time derivatives and seond order in spatial
derivatives). Their linearized version is in total agreement with Onsager's regression
assumption and only upon some drasti simpliations lead to transport equations
of the paraboli type, suh as Fourier's heat ondution equation. To assert that
in the relativisti domain suh theories are inomplete and/or inorret is equiva-
lent to asserting that there is no relativisti extension of the NSF equations. What
we have proved in this paper is that this requires further study. What is the full
and orret version of these equations may still be today a problem whih has not
been ompletely solved but already some attempts have been learly disussed in the
literature [24℄.
We believe that these onsiderations are important due to the enormous eort
that has been made in the past few years to desribe the hydrodynamis of the hot
dense matter produed in heavy ion ollisions. Some workers in this eld are using
the model proposed by seond order theories or modied versions of it [25℄-[31℄ whih
require the use of adjustable parameters [32℄. As an example of another alternative
to these theories there is Landau's hydrodynamis for hot dense matter based on
Euler's equations. In an elegant paper by C. Y. Wong [33℄, this theory has been
11
reently shown to provide a very good explanation for the olletive dynamis of
the uid that is produed in the relativisti ollisions of heavy ions. If one would
onsider adding dissipative eets it is lear that the NSF equations would be the
best andidate. Thus we onlude paraphrasing S. Weinberg's words it is worth our
while to develop the outlines of the general theory of a relativisti imperfet uid
[34℄.
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